Unimprovable efficient sufficient conditions are established for the unique solvability of the periodic problem ([0,ω]) is a linear bounded operator, and q ∈ L ([0,ω]).
Introduction

Consider the equation u (t) = (u)(t) + q(t)
The periodic boundary value problem for functional differential equations has been studied by many authors (see, for instance, [1, 2, 3, 4, 5, 6, 8, 9] and the references therein). Results obtained in this paper on the one hand generalise the well-known results of Lasota and Opial (see [7, Theorem 6 , page 88]) for linear ordinary differential equations, and on the other hand describe some properties which belong only to functional differential equations. In the paper [8] , it was proved that the problem (1.1), ( 
Definition 1.1. We will say that an operator :
is satisfied. We will say that an operator is monotone if it is nonnegative or nonpositive.
] be a nonempty set. We will say that a linear operator :
holds. We will say that K [a,b] (A) is the set of operators concentrated on the set A ⊂ [a,b].
Main results
Define, for any nonempty set A ⊆ R, the continuous (see Lemma 3.1) functions: 
Let, moreover, the functions
Define a function
be given by the equalities:
It is clear from the definition of the functions τ and σ A that the nonnegative operator is concentrated on the set A and the condition (2.4) is satisfied with δ = δ 1 + 2ε 0 . In view 250 On a periodic BVP for second-order linear FDE of (2.5 1 ), (2.5 2 ), and (2.7) we obtain
When ε is small enough, the last equality it implies the existence of ε 0 such that
Thus, because δ 1 < δ, all the assumptions of Theorem 2.1 are satisfied except (2.3), and instead of (2.3) the condition (2.3 ε ) is fulfilled with ω = 1. On the other hand, from the definition of the function u 0 and from (2.7), it follows that (u 0 )(t) = |u 0 (t)|u 0 (τ(t)) = |u 0 (t)|signu 0 (t), that is, u 0 is a nontrivial solution of the homogeneous problem
which contradicts the conclusion of Theorem 2.1.
, and a linear monotone operator
10)
are satisfied and 
Then the problem (1.1), (1.2) has a unique solution.
Consider the equation with deviating arguments 
Then the problem (2.12), (1.2) has a unique solution.
Now consider the ordinary differential equation 
whereĀ is the closure of the set A.
Proof. Since A ⊆Ā, it is clear that
Let t 0 ∈ R be an arbitrary point, s 0 ∈Ā, and the sequence s n ∈ A (n ∈ N) be such that
From the last relation and (3.2) we get the equality (3.1). For arbitrary s ∈ A, t 1 ,t 2 ∈ R, we have for i = 0,1. Then σ B (t 0 ) = σ A (t 0 ) and in view of (3.12)
Obviously, either
If (3.14 1 ) is satisfied, then, in view of (3.14) and β ∈Ā, the equalities (3.12 i ) (i = 0,1) hold. Therefore σ B (t 0 ) = σ A (t 0 ) and, in view of (3.12), the inequality (3.13) is fulfilled. Let now (3.14 2 ) be satisfied. If α + ω > t 0 + ω/2, then, in view of (3.14), we have t 0 + ω/2 ∈B. Consequently, from (3.12) and (3.14 2 ) by virtue of (3.11) and the inclusions α,β ∈Ā, we get
If α + ω ≤ t 0 + ω/2, then t 0 + ω/2 ∈Ā 1 and
that is, ρ B (t 0 + ω/2) = ρ A (t 0 − ω/2) and in view of (3.12), (3.14) we get
Consequently the inequality (3.13) is fulfilled as well.
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, and also t 0 − β ≤ α + ω − t 0 . On account of (3.12) and β ∈Ā we have
Thus the inequality (3.13) is fulfilled. Let now
From (3.19) it follows that
and therefore,
The inequalities (3.19) imply t 0 − ω/2 ≤ α + ω and, according to the case considered above, we have σ B (t 0 − ω/2) ≥ δ. Consequently, (3.21) results in (3.13). Finally, if α + ω ≤ t 0 , the validity of (3.13) can be proved analogously to the previous cases. Then we have
On the other hand, since A ⊂ B, it is clear that
The last two relations and (3.5) yields the equality (3.6).
, and let σ 1 be nonnegative. Then, for an arbitrary
where
Since 1 ∈ K [a,b] (D) and the operator σ 1 is nonnegative, it follows from (3.27) that (3.24) is true.
Then the estimate
Proof. Put b = a + ω and
Then, from the condition (3.28) it is clear follow, where
Hence, on account of well-known inequality
we have 
which together with (3.31) yields
. It is not difficult to verify that the function η achieves its minimum at the point 
